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Dynamics of periodic second-order equations between an 
ordered pair of lower and upper solutions* 



Antonio J. Urena 



Abstract 



We consider periodic second-order equations having an ordered pair of lower and 
upper solutions and show the existence of asymptotic trajectories heading towards the 



£S| , maximal and minimal periodic solutions which lie between them. 

^ ! Key words: Lower and upper solutions, dynamics, asymptotic solutions, instability. 
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*S '. 1 Introduction 

Let / = f(t,u,u) be T-periodic in time and consider the second-order equation 
CJV -u = f(t,u,u). (I) 

^ ; A well-known strategy to find T— periodic solutions is the so-called lower and upper 

CO ■ solutions method. Roughly speaking, this approach requires finding periodic functions a < /3 
(N 

VD 
O 



with —a < f(t,a,a) and —/3 > f(t,/3,/3), and under some conditions on the dependence of 
/ with respect to it, it guarantees the existence of some periodic solution x between them. 
As a model, we may think on the T-periodic problem for the damped pendulum equation: 



— u' = cii + a sin u, (2) 
where c > and a > are given parameters. We observe that 

, . 7T , 37T 

«(*)=2> = ~2 

are, respectively, lower and upper solutions. They enclose the T— periodic solution x(t) = tt, 
which is unstable. Moreover, this equation possesses other solutions which are asymptotic to 
x; infinitely many in the past and also infinitely many in the future. 
A second look at this example shows that 

7T 37T 

a(t) = --2n, /3(t) = _ + 2 7r 



* Supported by project MTM2008-02502, Ministerio de Education y Ciencia, Spain, and FQM2216, Junta 
de Andalucfa. 
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also make up an ordered pair of lower and upper solutions. This time there are several 
periodic solutions, with different dynamics, between them. For instance, x(t) = is stable 
in the future (throughout this paper stability is understood in the the Lyapunov sense) . 
But the minimal and the maximal periodic solutions of (j2J) which lie between a and [3 are, 
respectively, 

■^min(^) = , ^max(^) = 37T , 

and both of them are unstable (we call instability to the logical negation of Lyapunov stabil- 
ity). Indeed, both 2 m ; n and x max are again the limit of infinitely many asymptotic solutions. 

In this paper we generalize this fact for more general equations ([I]) having an ordered 
pair a < (3 of periodic lower and upper solutions. Assuming that, for instance, a does not 
solve our equation ([TJ we show that the minimal periodic solution x min lying between a and 
(3 is unstable; moreover, it is the limit of many asymptotic solutions, in the past and in the 
future (Theorem 13.11 and Corollary 13. 2p . Of course, a similar statement holds for the maximal 
periodic solution x max if j3 does not solve ([!]). 

This result raises the question about the case in which a < [3 are ordered T— periodic 
solutions of our equation (OQ). Is it still possible to find an unstable solution between them? 
The answer is affirmative in the conservative case —u = f{t,u) (Corollary |4.4p . For general, 
derivative-depending equations it may not true, but we shall see that when the periodic 
solutions are neighboring, then one of them must be unstable and possess many asymptotic 
solutions (Theorem 14. II and Corollary 14. 2p . 

The instability of the periodic solutions obtained by the method of lower and upper 
solutions was previously studied by Dancer and Ortega pQ. When the lower and upper 
solutions are strict and the number of periodic solutions between them is finite, they showed 
that at least one of them must be unstable. This result was obtained as an application of a 
general theorem on the index of stable fixed points in two dimensions whose proof depended 
on a nonelementary result of planar topology: Brouwer's lemma on translation arcs. 

Even though the main result of this paper can be seen as a generalization of Proposition 
3.1 of pQ, our approach, which is inspired on the Aubry-Mather theory as presented by Moser 
[5] , is based on the more elementary concepts of maximal and minimal solutions of Dirichlet 
and periodic boundary value problems. Moreover, we do not need to assume the finiteness of 
the set of periodic solutions comprised between the lower and upper solutions and we shall 
obtain more precise information on the dynamics: the existence of branches of asymptotic 
solutions. 

This paper is distributed in five sections. In Section [2] we make precise the framework 
which we shall use and collect some basic facts on upper and lower solutions which will be 
needed in the proofs. We do not pretend any originality in this section, whose contents are 
mostly well-known in slightly different frameworks. To keep the pace of the exposition, the 
proofs of these results will be postponed to the Appendix (Section [5]). The main results 
of this paper are stated and proved in Sections [3] (where we study the dynamics between 
an ordered pair of lower and upper solutions) and H] (devoted to the dynamics between two 
ordered solutions). 

Some remarks on the notation (previously employed). Through most of the paper the 
Greek letters a and /3 will be kept, respectively, for lower and upper solutions; however, in 
Section [4] they will represent two ordered periodic solutions. We shall also utilize different 
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notations to distinguish solutions depending on the kind of boundary conditions that they 
satisfy. In this way, periodic solutions will be usually written as x, the letter y will be used 
to emphasize that our solution satisfies some Dirichlet conditions, and u will stand for other 
solutions, not necessarily verifying any particular boundary condition. Finally, it will be 
convenient to adopt the following convention: given functions hi,Ji2 defined on respective 
domains Ii,l2 C R, and some set J C I± fl I 2 , we shall simply say hi < h 2 (resp., hi < h 2 ) 
on J instead of hi{t) < h 2 (t) (resp., hi(t) < /i 2 (^)) for any t G J. When there is no possible 
ambiguity on the domain we shall say hi < h 2 or hi < h 2 meaning that the inequality holds 
pointwise. Given functions u, v, w : I — > R we shall say that w lies between u and v on I to 
mean u < w < v on I. 

It was shown in [5] that periodic minimizers are unstable. I am indebted to Prof. P. 
Omari for pointing out to me that it implies the instability of periodic solutions given by 
the lower and upper solutions method when the problem has a variational structure and 
formulating the question about the nonvariational case. 

Last but not least, I want to express my gratitude to Prof. R. Ortega directing me to 
Moser's book [5] , as well as for his invaluable advice on many aspects of this paper, including 
the regularity result on lower and upper solutions described in the Appendix. 



2 Some basic facts on lower and upper solutions 

In this paper, the nonlinearity / : K 3 — > R, (t,u,u) 1— > f(t,u,u) will always be assumed to 
be continuous and T-periodic in time. The function a : R — > R is called a lower solution of 
the periodic problem 



-x = f(t,x,x) , 
x(t) = x(t + T) for any t E R . 
provided that it is Lipschitz-continuous and T-periodic, and verifies the inequality 

- a < f(t, a, a) , (3) 
in the distributional sense on the real line. With other words, 

/oo 
f(t,a(t),ce(t))tp(t)dt, (4) 
-00 

for any nonnegative ip G C°°(1R) having compact support. Upper solutions (3 are defined 
similarly after changing the sign of inequalities ((3l 



Of course, if a is a C 2 function, then @ is equivalent to ([3]) holding pointwise. But the 
definition above includes also some functions displaying angles. We point out an example 
which will be used later. Let a : [0, T] — > R be a solution of our equation ([1]) such that 
a(0) = a(T) but d(0) > a(T), and extend it to the real line by periodicity. The resulting, 
piecewise C 2 function, is a lower solution of (P), as one may easily check using an integration- 
by-parts argument. 
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Notice also that our concepts of lower and upper solutions are nonstrict; periodic solutions 
are examples of lower and upper solutions. 

The distributional notion of lower and upper solutions adopted in this paper is routinely 
used in PDE problems but may seem unnecessarily general here. Indeed, our main arguments 
could be carried out using only piecewise-C 2 lower and upper solutions, even though the results 
obtained in this way would lose some generality. Our choice will imply some relatively small 
variations with respect to other versions in the literature when showing the results of this 
Section, but otherwise it will not lead to additional difficulties in the proofs. Incidentally we 
observe that lower and upper solutions in the distributional sense must be somewhat more 
regular than merely Lipschitz-continuous; for instance, the derivative should have side limits 
at each point (it will be shown in the proof of Lemma [2 .71 in the Appendix). 

If / = f(t, u) does not depend on u, then the existence of an ordered pair a < (3 of lower 
and upper solutions for (P) implies the existence of a solution between them. However, this 
result fails to hold for general, derivative-dependent nonlinearities as considered in this paper, 
see [2J, Example 4.1, pp. 43-44. To ensure that the method of lower and upper solutions 
works for (P) one must add some further condition, which may consist on a special form of 
our equation (the Rayleigh equation, the Lienard equation...) or some assumption on the 
growth of / with respect to u (such as the Bernstein condition or some kind of Nagumo 
condition); see [2], Chapter I, Section 4 for a detailed study of all these possibilities. In this 
paper we opt for the classical, two-sided Nagumo condition: 

[N] There exists a continuous function if : [0, +oo) — > (0, +oo) with 



and such that \f(t, u,u)\ < ^(H) if a(t) <u< (3(t) . 

This assumption makes the usual existence result for the periodic method of lower and 
upper solutions hold: 

Proposition 2.1 (Upper and lower solutions method for periodic problems). Let (P) have 
an ordered pair a < (3 of lower and upper solutions and assume [N] . Then there exists a 
solution x of (P) with a < x < (3. 

Lower and upper solutions are nowadays standard notions, and have been studied in 
depth. We shall be particularly interested on the structure of the set of solutions of (P) 
lying between a given ordered pair a < (3 of lower and upper solutions. This set always 
contains a minimal and a maximal solution, and the following improvement of Proposition 
12.11 is well-known: 

Proposition 2.2. Let (P) have an ordered pair a < (3 of lower and upper solutions and 
assume [N]. Then there are solutions 2 mm , x max of (P) with 




dv > max B — min a , 

K R 



a < x 



min 



< X 



max 



</?, 



and such that any third solution x of (P) with a < x < (3 verifies 



x 



mm 



< X < X 



max • 
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Since the dependence of / with respect to (u, u) was only required to be continuous, initial 
value problems associated to our equation §\§ may have many periodic solutions. Sometimes 
we shall merely look for global branches of asymptotic solutions to a given periodic motion and 
it will be not problematic. But other results of this paper explicitly deal with the instability 
of certain periodic solutions; in these cases, uniqueness for initial value problems will be 
assumed in combination with [N]. We emphasize a connection between these assumptions 
and the method of lower and upper solutions: 

Proposition 2.3. Assume that there is uniqueness for initial value problems associated to 
(Tjy and a < (3 are lower and upper solutions of (P) . Finally, assume also [N] . Then either 
a(t) < f3(t) for any t G R or a = (3. 

Concerning this result we remark that the lower and upper solutions a, (3 are not assumed 
to be strict. In particular, it also applies when either a or (3 are periodic solutions. We shall 
use this form of Proposition 12.31 in the proof of Corollary 13.21 

In this paper we shall also consider Dirichlet-type boundary value problems: 



where a < b and y a , yb G R are given. By a lower solution to (D) we mean a Lipschitz- 
continuous function a : [a, b] — > R such that 



and ([3]) holds in the distributional sense on (a,b). With other words, a Lipschitz-continuous 
function a verifying ((5]) and such that (Hj) holds for any nonnegative tp G C°°(R) with compact 
support contained in (a, h). Upper solutions (3 for this problem are then defined similarly by 
changing the sign of the inequalities. 

In this framework it is also well-known that the presence of an ordered pair of lower and 
upper solutions does not necessarily imply the existence of a solution between them. We 
might use a related Nagumo condition, but for the purposes of this paper it will suffice to 
consider the more restrictive class of nonlinearities which are bounded between a and /3, i.e., 
there exists some constant M > such that 



for any t G [a, b}. 

Proposition 2.4 (Lower and upper solutions method for Dirichlet problems). Let (D) have 
an ordered pair a < (3 of lower and upper solutions and let f be bounded between them. Then 
there are solutions y m i n , y max of (D) with 




a (a) < y, 



oi{b) < yb , 



(5) 



\f(t,u,u)\ < M if a{t) < u < P(t) 



(6) 



ol < y min < y mux 

< (3 on [a, b] , 



and such that any third solution y of (D) with a < y < f3 on [a,b] verifies 



Vmm < y < y. 



max 



on [a, b] . 
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For solutions of Dirichlet problems, the quality of being minimal or maximal is inherited 
after restriction to a smaller interval. To state this result in a precise form, let us assume 
that a < (3 are ordered lower and upper solutions of (D) and y : [a, b] — > R is a solution 
between them. Given a < a < b < b, the restriction of y to [a, b] solves the Dirichlet problem 



-y = f(t,y,y) , 
y(a) = y a , y(b) = m 



for suitable choices of y a and y^. Also, the restrictions of a and [3 to [a, b] become lower and 
upper solutions for (D). 

Proposition 2.5. Let f be bounded between a and (3 and let y be the minimal/maximal 
solution of (D) lying between them. Then, y\ is the minimal/maximal solution of (D) 

lyinq between a \ , ~ and B\ r . 

| [5,6] \[&,b] 

We shall need also some facts on the relative compactness on the C 2 topology of some 
sets of solutions of our equation. The next result is not directly related with the method of 
lower and upper solutions but follows from the boundedness assumption on /. To present it 
precisely, we choose numbers a < b and assume that the sequence u n : [a, b] — > IR of solutions 
of ([1]) is uniformly bounded and pointwise converging. With other words, 

{u n {t)} n converges for every t G [a, b] , (t, u n {t)) G B for all t G [a, b] and n G N , 

(7) 

where B is some compact region of [a, b] x M. 

Proposition 2.6. Assume that f is bounded on BxK and (Q. Then, u(t) := lim n ^ +00 u n (t) 
is again a solution of ([U) and {u n } — >■ u in the C 2 [a, b] topology. Precisely, 

lim {u n {t) - u{t)) = 0, lim (u n (t) - u(t)) = 0, lim (u n (t) - u(t)) = , 

n— >oo n— >oo n— >oo 

uniformly with respect to t G [a, b] . 

Some results of this paper will be first shown when the equation is bounded between a 
given pair a < (3 of periodic lower and upper solutions, i.e., assuming that ()6]) holds for some 
constant M > 0. This assumption will be subsequently relaxed to [N] by replacing (pD) with 
a modified equation 

-u = f(t,u,u) (1) 

which will be bounded between a and j3 and share many periodic solutions with the original 
equation. For this reason, the next Lemma will be evoked several times throughout this 
paper. 

Lemma 2.7 (Modification Lemma). Let (P) have an ordered pair a < (3 of lower and 
upper solutions and assume [N] . Then, there exists some continuous and T -periodic in time 
f : M 3 — > M. which is bounded between a and (3 and verifies: 
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(i) a and ft remain, respectively, lower and upper solutions for the T -periodic problem 
associated to (1). 

(ii) Any solution u : I — > R of (1) for which u — a attains a local minimum at some interior 
point to of I satisfies u(to) > a(t ). Similarly, given a solution u : I — > R of (1) swc/i 
t/iat ii — ft attains a local maximum at some interior point to of I one has u(to) < ft{to). 

(Hi) There exists some e > 0, not depending on t ,u, nor the interval I, such that and 
(1) have exactly the same solutions u : I — > R with 

a < u < ft on I , \u(to) \ < e for some t e I . 

We notice the following consequence of (ii)-(iii): the periodic solutions of the modified 
equation (1) are the periodic solutions of the original equation (1) lying between a and ft. 
In particular, the maximal and the minimal T-periodic solutions between a and ft coincide 
for both equations. 

The results described in this Section will be discussed with some detail in the Appendix. 
Next, we present and prove the main results of this paper. 



3 Maximal or minimal periodic solutions and asymp- 
totic trajectories 

Our starting point will be the periodic problem (P), which through this Section we assume 
to have an ordered pair a < ft of lower and upper solutions. As usually, the solution u r : 
[0, +oo) — > R of (pP) will be called asymptotic in the future to the periodic solution x if 

lim (u r (t) - x(t)) = lim (u r (t) - x(t)) = . (8) 

Similarly, one may speak of solutions U\ : (— oo, 0] — >• R which are asymptotic in the past 
to a given periodic solution. 

Theorem 3.1. Assume [N]. Assume also that, for instance, a is not a solution of (P) and 
let x m i n be the minimal solution of (P) lying between a and ft. Then, for any initial position 

u G a(0) (0) 
there are solutions U\ : (— oo, 0] — > R, u r : [0, +oo) — > R of (TJP with 

ui(0) = Uq = u r (0) , a < u\ < x min on (— oo, 0] , a < u r < x min on [0, +oo) , 

(9) 

which are asymptotic to x m ; n in the past and in the future respectively. See Fig. 1 below. 

Remark: We recall that the (global) stable manifold of the periodic solution x is the set 
W s (x) of initial conditions of solutions u r which are asymptotic to x in the future: 

W s (x) := | (n r (0), u r (0)) such that the solution u r : [0, +oo) -»• R of (pP) satisfies ©} . 
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Figure 1: If a is not a solution, then x m ; n is the limit of many asymptotic solutions. 

Similarly, the unstable manifold associated to x is the set W u (x) of initial conditions of 
solutions u\ which are asymptotic to x in the past. These sets allow us to reformulate part 
of the information given by Theorem 13.11 as follows: 

Theorem 13.11 * Assume [N]. Assume also that a is not a solution of (P), and let x min be 
the minimal solution of (P) lying between a and (3. Then, for any initial position u £ 
[a(0), x m i n (0)) there are initial velocities vi,v r £ R such that 

(u ,Vi) £ W U { 

•^min •^min ) ■ 

If / satisfies some smoothness assumptions and the periodic solution x is hyperbolic, then 
the Stable manifold Theorem states that W (x) and W (x) are injectively immersed smooth 
curves, see e.g. [8], Theorem 6.2. However, this result does not always apply to x m ; n under 
the assumptions of Theorem 13.11 because x m i n may not be hyperbolic. Indeed, one may 
construct a periodic in time, C 0,2 equation — 'x = f(t, x) which is repulsive in the sense that 

/(t, 0) = , f(t, -x)>0> f(t, x) Vx > , (10) 

and such that the stable manifold W s (x*) associated to the periodic solution = is 
pathological, see [10]. Observe that fTTOj) implies that every negative constant is a lower 
solution of the associated periodic problem, every positive constant is an upper solution, and 
x* = is the only periodic solution of the equation. 

Proof of Theorem \3.1[ After replacing t with —t one observes that it suffices to prove the 
part of the statement concerning the solutions u r which are asymptotic to x m ; n in the future. 
The proof will be divided into two steps. Notice that Step 1 and Phase 2(a) assume the 
boundedness of / between the lower and the upper solutions. 

(Step 1) Let f be bounded between a and /3. Then, there exists some solution u : 
[0, +oo) — > K which is asymptotic to x min in the future and at initial time t = starts 
from the position u = a(0). 

To show this Step we consider, for each n £ N, the Dirichlet problem 

1 Precisely, it may be neither arcwise connected nor locally connected, and may contain points which are 
not accessible. 
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(AO 



-y = f(t,y,y) , 

2/(0) = a(0) , y{nT) = x min (nT) . 



Observe that a is a lower solution for this problem, while x m i n is an upper solution. 
Furthermore a < x m i n . Then, Proposition 12.41 states the existence of some solution of (D n ) 
which lies between a and x m ; n . This solution may not be unique, but we choose the maximal 
one and call it y n . In this way, y n is a C 2 function on [0,nT]. We organize the proof of Step 
1 in four phases: 



(Phase la) 



y n (t -T)< y n (t) 



t e [T, nT] . 



To check this assertion we use a contradiction argument and assume instead that the contrary 
happens for some t* G [T, nT}. We denote y n (t) := y n (t — T), which solves our equation on 
[T, nT] and verifies: 

y n (T) < y n {T) , y n (nT) < y n {nT) , y n (Q > y n (Q , 

and this implies the existence of numbers T<a<t*<b< nT such that 

y n (a) = y n (a) , y n (b) = y n (b) , 

(see Fig. 2(a)). In view of Proposition 12.5} should be the maximal solution of the 

Dirichlet problem 



(D) 



-y = f(t,y,y) , 

y(a) = y n (a) , y(b) = y n (b) . 



But y n \ ~ also solves (D) and at time it is greater than y n . This contradiction shows 
| [ a M 

Phase la. 




u 






























^ a 



nT t — > 



nT (n+l)T t -> 



(a) 



(b) 



Figure 2: (a) The solutions y n must increase on time intervals of length T. (b) If y n +\ is 
greater than y n at some point t*, then y n is not maximal on the interval [0, b}. 



(Phase lb) 



y n > y n +i on [0, nT] . 
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The proof of this new assertion uses similar ideas to the previous one. Since, should it 
fail to be true, we could find some time G [0, nT] with y n (t*) < y n +i(t*). But y n {nT) = 
x m ™ (nT) > y n+ i(nT), and we deduce the existence of some b G (t*,nT] such that y n {b) = 
y n +i{b), see Fig. 2(b). 



Since furthermore y n (0) = a(0) 



y n+ i(0), Proposition 12.51 states that both J/nl^g, an d 



y n+1 1 ^ - should be the maximal solution of the Dirichlet problem 



-y = f(t, y, y) , 

y(0) = a(0), y(b)=y n (b). 
Hence, these solutions must be constantly equal, contradicting the existence of t* 
(Phase 1c) There exists some solution u : [0, +oo) — >• R of ([T]) with 

tt(0) = a(0), a < u < x min on [0, +oo) , u(t) < u(t + T) Vt G [0, +oo) 



'ID 



To see this, we apply Proposition 12.61 to the decreasing sequence u n := y n , and obtain that 
it converges in the C 2 topology on compact sets to some solution u : [0, +oo) — y R of ([T]), see 
Fig. 3(a). Now, since all functions y n lie between a and x m i Q and start from a(0) at time 
t — 0, the same happens with u. The last assertion of (TTTj) is a direct consequence of Phase 
la. 





T 2T 3T 



(a) 



(b) 



Figure 3: (a) The decreasing sequence y n has some limit u. (b) The T-periodic extension of 
y is a new lower solution a. 



(Phase Id) u is asymptotic to in the future. 

To see this we consider the sequence of functions 

u n (t) = u(t + nT) , te[0,T], 

which is uniformly bounded and pointwise increasing, and made of solutions of ([T]). We use 
again Proposition 12.61 to deduce that {u n } converges in the C 2 [0,T] topology to some solution 
m* : [0, T] — > R of ([I]). This solution must clearly be T— periodic and lie between a and x m ; n . 
But x m in was minimal, meaning that w* = x m ; n . The result follows. 
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(Step 2) From a particular case to Theorem 13.11 in its full generality 

The first step was devoted to show Theorem 13.11 for u = a(0) and assuming that / is 
bounded between a and (3. We successively remove these restrictions in the phases below: 

(Phase 2a) Let / be bounded between a and (3. Then, for any u G (a(0), £ m m(0)) there 
exists some lower solution a of (P) with a < a < x mm and cfe(O) = u . 

Fix some uq G (a(0), x mm (0)) and consider the Dirichlet problem 



For this problem, a is a lower solution, while x m i n is an upper solution. Thus, Proposition 
12.41 states the existence of some solution y : [0, T] — > 1R of (-Do) which lies between a and 

We claim that y(0) > y(T). Indeed, y(0) ^ y{T) since otherwise the T-periodic extension 
a of y would be a solution of (P), contradicting the minimality of x min . And if y(0) < y{T) 
then a would be an upper solution of (P), implying the existence of some periodic solution 
between a and a and contradicting again the minimality of x mm . Thus, y(0) > y(T) as 
claimed, and this means that a is a lower solution of (P), see Fig. 3(b). 

Step 1 now implies that for every u G [«(0), x min (0)) there exists some solution u r : 
[0, +oo) — > M. with u r (0) = u and a < u r < x min on [0, +oo) which is asymptotic to x min in 
the future. But all this work was done assuming / is bounded between a and (3. The last 
part of the proof is devoted to see that [N] is sufficient. 

(Phase 2b) From boundedness to the Nagumo condition. 

Let now / satisfy [N] . We use the Modification Lemma 12.71 and transform equation (jTJ) 
accordingly. In view of the comments following the statement of the Lemma, the original 
and the modified equations have the same T-periodic solutions between a and (3, and x m j n 
continues to be the minimal one of them. The discussions before show that from each initial 
position m G [a(0), x m i n (0)) there starts some solution u r of our modified equation which 
lies between a and (3 and is asymptotic to x m \ n in the future. But (in) implies that they are 
indeed solutions of the original equation. The proof is complete. 



The result which closes this Section is a straightforward consequence of Theorem 13.11 and 
Proposition ^. 3[ and states the instability of the maximal and the minimal solutions produced 
by the periodic method of lower and upper solutions. Since the Nagumo condition [N] always 
holds in the conservative case, it may be seen as a generalization of Proposition 3.1 of [TJ: 

Corollary 3.2. Assume [N] and uniqueness for initial value problems associated to (QJ). 
Assume also that a (resp. (3) is not a solution of this equation. Then, x m i n (resp. x max ) is 
unstable, simultaneously in the past and in the future. 

Proof. Assume, for instance, that a is not a solution of (JT|). Then, Proposition 12.31 implies 
that x m i n , being a (non-strict) upper solution of (P), verifies a(0) < x m i n (0). For every initial 




□ 
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position no G [a(0), x m i n (0)), Theorem 13.11 states the existence of solutions 

u t : (—00, 0] ->• R, u r : [0, +00) ->■ R, 

which are asymptotic to x m i n in the past and in the future respectively and verify (jnj). By 
uniqueness of initial value problems, U\ < x min and u r < x min on their respective domains. 
The result follows. 

□ 



4 The dynamics between two ordered solutions 

In this Section a and (3 are assumed to be solutions of the periodic problem (P). In general 
this does not imply the existence of an unstable periodic solution between them, at least 
if by 'instability' we mean Lyapunov instability in the past and in the future. To check 
this assertion it suffices to consider the linear equation —u = u. Observe that the periodic 
solutions are the constants, and all of them are unstable in the past, but stable in the future. 
We also notice that, at least for this example, the periodic solutions are always ordered and 
make up a continuous family. 

Thus, we shall begin by setting ourselves under the opposite situations of a and being 
neighboring solutions of (P); i.e., the only solutions x of the periodic problem (P) lying be- 
tween a and /3 are x = a and x = f3. Neighboring solutions have previously been considered 
in the literature, including for instance in the Aubry-Mather theory, which uses variational ar- 
guments to show the existence of heteroclinics between neighboring global periodic minimals 
(see, e.g. Theorem 2.6.2 of [5]). The periodic problem (P) which occupies us now may not 
have a variational structure, and assuming that it has one, the neighboring solutions a < j3 
may not be minimal. Indeed, one easily finds examples of neighboring periodic solutions 
which are not connected by heteroclinics (think for instance on two consecutive equilibria of 
some autonomous equation —x = V'(x) lying at different potential levels). However, in this 
Section we shall see that one of the neighboring periodic solutions must be the limit of many 
asymptotic solutions, simultaneously in the past and in the future. Precisely: 

Theorem 4.1. Let a < (3 be neighboring solutions of (P) and assume [N]. Then, either 
x = a or x = (3 has the following property: for any initial position 



u E (a(0),£(0)^ 

there are solutions u\ : (—00, 0] — > R, u r : [0, +00) — > R of (TJP with 

ui(0) = uq = u r (0) , a < u\ < f3 on (—00, 0] , a < u r < f3 on [0, +00) , 

which are asymptotic to x in the past and in the future respectively. 

Proof. We consider the set £ of solutions of ([TJ on the time interval [0, T] which start and 
end at the same position (with possibly different derivative) and lie between a and f3: 



£ := <ue C 2 [0,T] 



u solves ([TJ 
u{0) = u(T) 
a < u < on [0, T] 
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Observe that this set contains the solutions a and f3. Since they are assumed to be 
neighboring, other solutions uGE must verify u(0) 7^ u(T). We start our proof by showing 
that E, which is naturally endowed with C 2 [0,T] topology, contains nontrivial connected 
subsets: 

Claim. For each < e < h(f3(0) — a(0)) there exists a continuum S £ cE such that 



{«(0) : 



a(0) + e,£(0) -e 



To show the Claim we first replace our equation ([]]) with a modified one (1) as in Lemma 
12.71 From (ii) and (Hi) we see that 



u e C 2 [0,T] 



u solves (1) 
u(0)=«(T)G[a(0),/3(0)] 



By the comments following the proof of Lemma 12.71 in the Appendix we see that (1) 
may actually be rewritten in the form (|16p for some globally bounded function b. Thus, for 
each uq G [a(0), /3(0)], the solutions u : [0, T] — > R of ([!]) which lie between a and (3 and 
verify u(0) = u(T) = u may be written as the fixed points of a compact, bounded operator 
T Ua on the space of C 2 [0,T] functions vanishing at times t — 0,T. The family {•7 r w } tto is 
uniformly bounded and depends continuously on Uq, and the result then follows from the 
usual continuation properties of the Leray-Schauder topological degree. 

Having shown the Claim, let us complete the proof of the Theorem. We choose some 
sequence e n \ with < e n < (/3(0) — a(0))/2 for every n. As observed before, the 
associated connected sets E £n do not contain periodic solutions, and we deduce that for each 
n, either 

(p~) All solutions u G T, tn verify that u(0) > u(T), or 
(Pn) All solutions u G E £n verify that u(0) < u(T). 

Observe that if (p~) holds for some n then the elements of E £n when extended to the real 
line by periodicity become lower solutions of (P). On the contrary, if holds for some n 
then the T— periodic extensions of the elements of E €n make up upper solutions of (P). We 
deduce that if there are infinitely many numbers n for which (p~) holds, then problem (P) 
has some lower solution starting from each initial position ao G («(0), /3(0)); moreover, this 
lower solution lies between a and (3. On the contrary, if there are infinitely many numbers 
n for which holds, then problem (P) has some upper solution starting from each initial 
position 0o G (a(0), /3(0)), and this upper solution lies between a and (3. The result follows 
now from Theorem 13.11 

□ 

An immediate consequence of Theorem 14.11 is given below: 

Corollary 4.2. Assume [N] and uniqueness of initial value problems. If a < (3 are neigh- 
boring solutions of the periodic problem (P) ; one of them must be unstable, simultaneously 
in the past and in the future. 
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We observe that, even though the method of lower and upper solutions also works for 
first order equations, this result does not have an immediate extension there. For instance, 
a = and f3 = 1 are neighboring periodic solutions for —u — u(l — u), but a is stable in the 
future and (3 is stable in the past. We owe this remark to R. Ortega. 

At this moment we come back to the question formulated at the beginning of this Section: 
given ordered solutions a < (3 of the periodic (second-order) problem (P), is it possible to 
find an unstable solution between them? We already know that the answer is 'yes' if a and (3 
are neighboring and 'no' in general. In the spirit of the counterexample mentioned before we 
shall say that the periodic problem (P) is degenerate between a and (3 if they may be linked 
by an increasing path of periodic solutions. Precisely, if there exists some C 2,0 function 

$:Kx[0,l]4R, (t, s) i-> s) , 

such that 

(a) tt(.,0) = «(•), #(-,1) = /?(•)• 

(b) s) is a solution of the periodic problem (P) for any s G [0, 1]. 

(c) tf(t,si) < *(t,s 2 ) if si < s 2 . 

This concept of degeneracy will be used to give a more precise answer to the question 
which opened this paragraph. We remark that the study of degeneracy is not new, for 
instance a related notion of degeneracy was considered in [7J. 

Proposition 4.3. Assume uniqueness for initial value problems and [N] . If a < f3 are 

ordered solutions of (P), one of the following hold: 

(I) There exists some solution x of the periodic problem (P) which is unstable in the past 
and in the future and lies between a and j3. 

(H) (P) is degenerate between a and j3. 

Proof. We distinguish two possibilities; either a and (3 enclose some ordered pair a < X\ < 
X2 < (3 of neighboring periodic solutions, or not. In the first case Corollary 14.21 immediately 
implies (/); in the second case we are going to show (H). 

Thus, assume that between a and (3 there are not pairs x\ < x 2 of neighboring periodic 
solutions. We consider the set T whose elements are totally ordered families F C C 2 (R) of 
solutions of the periodic problem (P) lying between a and [3. Here, 'totally ordered' means 
that for any F G T and x\ ^ x 2 G F one has either x\ < x 2 or x 2 < x\. 

The set J 7 itself may be endowed with the partial order provided by inclusion. Observe 
that if S C T is any totally ordered subset, then F := Uses & ^ s an u PP er bound for S. 
Consequently, by Zorn's Lemma T must have some maximal element Po- 

Claim. The following hold: 

Every monotone sequence {x n } n C F converges in the C 2 norm to some x* G F . 
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F° r eac/i initial position xq G [a(0),/3(0)] there exists an unique element x G Fq with 
x(0) = x . 



We first show the Claim. In view of the Modification Lemma 12.71 it suffices to prove 
fSi) assuming that / is bounded between a and /?. Now, the fact that every monotone 
sequence in Fq converges in the C 2 norm to some T-periodic solution follows immediately 
from Proposition \2.6\ and the maximality of F Q implies that this limit must belong to F . 

To see ($2) we first observe that, as a consequence of ($1), the set 

A : = |s(0) : x G F | 

of initial positions of elements in Fq, must be closed. If A were not the whole interval 
[a(0),/3(0)] then it would mean the existence of pairs of neighboring solutions of (P), which 
we are assuming that is not the case. Then, for each initial position xq G [a(0),/3(0)] there 
exists some element x G F with x(0) = x , and since two such functions should intersect 
tangentially, ($2) follows from the uniqueness of initial value problems associated to ([I]). 
To conclude the proof of Proposition 14.31 we define 

tf(t,s) := x s (t) , t el, s G [0,1], 

where x s is the only element of Fq with x s (0) = (1 — s)a(0) + s/3(0). Then \1/ satisfies the 
three conditions (a),(b),(c) above and the result follows. □ 

When the equation is conservative, — u = f(t,u), past and future Lyapunov stability 
become equivalent concepts. We close this Section with a result which is specific for the 
conservative case: 

Corollary 4.4. Assume that there is uniqueness for initial value problems associated to 
—u = f(t,u), and that a < /3 are ordered T-periodic solutions. Then there is some unstable 
solution between them (it may be either a, or (5, or other). 

Proof. In view of Proposition I4.3[ it suffices to consider the case in which the T-periodic 
problem associated to our equation is degenerate between a and /?. Assume also that, for 
instance, a is stable and consider the solution u verifying w(0) = a(0) and u(0) = d(0) + e, 
where e > is small. On the maximal interval of time T where u lies between a and /3, 
it cannot cross tangentially a periodic solution, and then, the continuous function s defined 
implicitly by 

u(t) = V(t,8(t)) , tel, 

must satisfy u{t) > ^t{t, s(t)) for any time t (here, \l/ = ^f(t, s) is given by the definition of 
degeneracy). One easily deduces from here that s is strictly increasing on X. On the other 
hand, the stability of a implies that X = [0, +00) and s(t) converges to some small limit 
0<^<last— > +00. It follows that the periodic solution is unstable and concludes 

the proof. □ 
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5 Appendix: Discussing the statements of Section 



2 



The last Section of this paper is devoted to sketch the proofs of some results which were 
presented in Section [2] and used subsequently. 



Proof of Lemma 2.7 It combines elements from the proofs of Theorem 5.4 of Chapter I of 



[2] on the one hand and Lemma 4.2 of [6] on the other. We start by letting 

f(t,u,u):=-u + 1 (t,u) + f(t, 1 (t,u),5(u)), (t,u,u)eR 3 , (12) 

where 

(a(t) iiu<a(t) (-K if v < -K 

u if ct(t) <u< 0(t) , 5(v) := Iv if — K < v < K , 

P(t) ifu>/3(t) (K iiv>K 

and the constant K > is chosen in such a way that 

K v ( ■ ^ 

—-dv>P(0)-a(0), K>max{\\a\\ 00 ,\\P\\ 00 \. (13) 

Clearly, / is continuous, T-periodic and bounded between a and /3. Also (%) is immediate 
from the definition of /, while (Hi) is a consequence of the Nagumo condition (choose e > 
small enough so that f e vdv/(p(v) > /3(0) - a(Q)). 

The proof of (%%) is less direct and will rely on three previous results which we describe 
next. The first and the third ones focus attention on the side limits 

Dih(t ) := esslim h(t) , D r h(t ) := esslim h(t) , 

t ->• t t-tt 

t <t t > t 

where h is some Lipschitz-continuous function. The derivative h may exist only almost ev- 
erywhere; thus, the limits above are 'essential limits', meaning that they must be considered 
after h is perhaps redefined on a zero- measure set. For arbitrary Lipschitz-continuous func- 
tions h these limits do not always exist, but it cannot be the case when h = a is a lower 
solution of (P): 

1. Regularity of lower solution^: Let a be a lower solution of (P). Then, Dia(t ) 
and D r a(t ) exist for every t G R and satisfy Dice (to) < D r a(t ). 

Proof. Let u 6 W^,' C °°(IR) be any second primitive of the function u(t) = —f(t, a(t), a(t)), and 
let h := u — a. In this way, h is locally Lipschitz-continuous and —h > in the distributional 
sense. But positive distributions are positive, locally finite Borel measures (see e.g. Theorem 
6.22 of jl]). Consequently, h is decreasing and has side limits at each point. The result 
follows. □ 



2 Of course one may formulate a corresponding version for upper solutions. We state it for the periodic 
problem because this is the framework where it will be used, but a quick glance at its proof shows that the 
result does not depend on the boundary conditions. 
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A second consequence of the fact that positive distributions are positive, locally finite 
Borel measures is a distributional version of the maximum principle in one dimension: 

2. Maximum principle: Let h : (a, b) — > R be Lipschitz- continuous and verify 

—h > on (a, b) , 

in the distributional sense. If h attains a local minimum at some point to e (a, b) then it is 
constant. 

Proof. As before, h is a decreasing function. It implies the result. □ 

The third result is an elementary observation which follows directly from our definition 
of the side limits Dih(t$) and D r h(to). It gives information on these limits at any point to 
where h has a local minimum. 

3. D\h and D r h at local minima: Let h : (a, b) — > R be Lipschitz- continuous and 
attain a local minimum at to £ (a,^)- Assume also that the limits Dih(to) and D r h(to) exist. 
Then Dih(t ) < < D r h(t ). 

Proof. Integrating from to to t we see that, if Dih(to) exists, then 

hit) - h(to) n , , , 
lim v ; / = Dih{t Q ) , 

t -»■ t 1 ~ to 
t < t 

i.e., the left-side derivative of h at to exists and has the same value. Similarly, if D r h(t ) 
exists at some point to, then the right-side derivative there also exists and coincides with 
D r h(to). The result follows. □ 

We complete now the proof of statement (ii) of Lemma 12.71 We use a contradiction 
argument and assume, for instance, that u : / — > R is a solution of (1) such that h := u — a 
attains a local minimum at some interior point to G / with u(to) < a(to). Since u is a C 1 
function, result 1. above implies that the side limits Dih(t ), Dih(t ) exist and moreover 
Dih(t ) > D r h(to). But to being a point where h attains a local minimum, 3. gives that 
Dih(to) = D r h(to) = 0, or what is the same, 

lim a(t) = u(t ) . (14) 

t— >to 

In particular, |w(to)| ^ Halloo an d for any t on some neighborhood of to one has 

u(t)<a(t), \ii(t)\<K, 

and then —u(t) = —u(t) + a(t) + f(t,a(t),u(t)). Consequently, on this same neighborhood 
we have 

-h{t) = -uit) + ait) > -u(t) + ait) + fit, a(t),u(t)) - fit, a(t), a(t)) , 
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and combining ( 1T4|) with the continuity of / we see that 

-h(t)>^(-u(t ) + a(t o ))>0 (15) 

on some (possibly smaller) neighborhood of to- But h attains a local minimum at to, so 
that in view of 2. above it should be constant on this neighborhood. Then, — h = there, 
contradicting f[T5"j) . This contradiction proves the result. 

□ 

The proof of Lemma 12.71 actually gives some additional information which was not stated 
in Section [21 It implies that the nonlinearity / may be chosen in such a way that b(t, u,u) : = 
f(t, u,u) + u is globally bounded on IR 3 . This allows us to rewrite (1) as 

— u = — u + b(t, u, u) . (16) 

We are led to the existence result for the periodic method of lower and upper solutions. 

Proof of Proposition \2.1[ Schauder's Fixed-Point Theorem guarantees the existence of some 
T-periodic solution to ffTB"]) . Since this equation is equivalent to (1), in view of the comments 
following the statement of Lemma 12.71 in Section [2] we see that this is a T-periodic solution 
of (CQ) lying between a and /3. It implies the result. □ 

Proof of Proposition \2.b\ This result is very standard. Our assumptions imply that {u n } 
and {u n } are uniformly bounded sequences. Then, one easily checks that {u n } must also be 
uniformly bounded and we conclude that {«„} and {u n } are equicontinuous. Ascoli-Arzela's 
lemma now implies that {u n } — > u in the C 1 [0, T] topology. But since u n is a solution of ([T]) 
for each n we deduce that u solves the same equation and {u n } — > u in the C 2 [0, T] topology. 
The result follows. □ 

Proof of Proposition \2.2\ Clearly we may focus attention on the part of the statement con- 
cerning x max . On the other hand, after possibly modifying / as in Lemma |2~T1 we may assume 
that it is bounded between a and (3. We consider the set T of periodic solutions which lie 
between them: 

x solves (P) 



r := {x e c 



a<x<(3 



This set is naturally ordered by the pointwise order <. Using Proposition 12.61 we see that 
every totally ordered subset A G T has an upper bound in T. Then, Zorn's lemma implies 
the existence of some maximal element x max . It verifies 



X G r, X ^ X — X m ax • (1^) 

Using a contradiction argument assume now that there exists x* G T with 

x*(to) > X max (to) 

for some to G IR. Since ^ x max , we may find times t- < to < t + < £_ + T such that 
x*(t±) (t±) , x*(t) > x max (t) Vt G t+] . 
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We define a* : R -> R by 



a*(i) : 



£*(*) if i G [<_,*+] , 
max (t) if te (t+,t- + T), 



and extended by periodicity. A simple integration-by-parts argument shows that a* is a new 
lower solution of (P). Since a* < /3, Proposition 12. II implies the existence of some x G T with 
x > a*, contradicting (1171) . This concludes the proof. 



The proofs of Propositions 12.41 and 12.51 use similar arguments to the proof of Proposi- 
tion I2.2[ an d we shall not reproduce them here. We conclude the paper with the proof of 
Proposition 12.31 which follows along the lines of Lemma 2.4 of [3]. 

Proof of Proposition \2. c\ Using a contradiction argument, we assume that a < ft is an or- 
dered pair of lower and upper solutions of (P) verifying 



for some to,t± G R. Using Lemma 12.71 it is not restrictive to assume that / is bounded 
between a and ft; moreover, the periodicity of a, ft allows us to assume to < t\ < t + T. For 
any y G (a (to), /3 (to)) we consider the Dirichlet problem 



Fix now points y < y$ G (a(to), ft (to)). Since a and ft are lower and upper solutions for 
(D -), Proposition 12.41 implies that this problem must have some solution y~ lying between 
a and ft. In turn, y~ and ft are respectively lower and upper solutions for (D +), which 
should have a solution y + lying between y~ and ft. Now, y~ and y + coincide at t = t±, and 
being ordered, they must be tangent there. This contradicts the uniqueness of initial value 
problems and concludes the proof. □ 
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